We study closed Einstein-Weyl structure on compact K-contact manifolds and prove that a compact K-contact manifold admitting a closed Einstein-Weyl structure is Einstein and Sasakian.
Introduction
In recent years, much attention has been given to the classification of Riemannian manifolds admitting several generalizations of Einstein metric. An interesting generalization of such metric is the so-called Einstein Weyl metric. This appears as a conformal generalization of Einstein metric, defined in the background of Weyl manifold. The notion of Weyl manifold was proposed by H. Weyl [19] as a generalization of the Riemannian connection to find a good geometric model for space-time geometry to unify field theory. Although his attempt failed, but his connection provides an instructive example of non-Riemannian geometry which helps us to explain several physical problems.
A Weyl structure on a manifold M is a class [g] = {e 2f g : f ∈ C ∞ (M )} of conformally related Riemannian metric g of M which satisfies the conformally invariant equation: D [g] g = −2θ ⊗ g, where θ is a unique 1-form associated with the metric g such that g(X, E) = θ(X), and D [g] is the unique torsion free connection known as Weyl connection. The vector field E dual to the Lee form θ with respect to g is known as the Einstein-Weyl vector field. A Riemannian manifold admitting such structure referred as Weyl manifold. Thus a Weyl manifold is a manifold equipped with a conformal structure and a compatible Weyl connection. We denote it by (M, [g], D [g] ). This Weyl structure is said to be closed if the unique 1-form θ is closed, i.e., dθ = 0. Unlike the Riemannian manifold, the Ricci tensor of a Weyl manifold need not be symmetric. Therefore, to define Einstein like condition in the background of Weyl manifold, one needs to consider the symmetric part of the Ricci tensor of the Weyl connection. If this is proportional to a Riemannian metric of the conformal class 1870 A. GHOSH
[g], then we say that the structure is Einstein-Weyl. It is evident that every Einstein manifold can be regarded as an Einstein-Weyl manifold. But there exists manifold having no Einstein metric admits an Einstein-Weyl structure (e.g. see [4] , [15] ). Indeed, by applying a D-homothetic deformation (Tanno [17] ) to the metric of the unit sphere S 2n+1 (1) one can prove that the resulting metric becomes η-Einstein (i.e., the Ricci tensor S satisfies S = αg + βη ⊗ η for some constants α, β and η is the contact form), and it admits an Einstein-Weyl structure (g, f η) with β < 0 for some constant f . For details we refer to [4] and [8] .
Recently, Einstein-Weyl structures have received a lot of attention in the frame work of η-Einstein contact metric manifold. Because it has been observed by several authors (see [8] , [11] , [12] , [14] and [15] ) that there is a nice connection between Einstein-Weyl structure and η-Einstein contact geometry. In this direction, the first breakthrough was provided by Pedersen-Swann [16] (see also Higa [9] ) who constructed such structures on the principal circle bundle over Kaehler Einstein manifolds with positive scalar curvature. Later on, Narita ([14] , [15] ) and Boyer-Galicki-Matzeu [4] constructed several examples of Einstein-Weyl structures in the framework of η-Einstein Sasakian manifolds. It is known (see [9] ) that a Riemannian manifold admits a pair of Einstein-Weyl structures (g, ±θ) if and only if it satisfies some additional conditions on the Ricci tensor and the covariant derivative of the 1-form θ. Recall that any η-Einstein K-contact manifold admits an Einstein-Weyl structure (g, f η) with β < 0 for some constant f (see [4] ). Then it also admits an Einstein-Weyl structure (g, −f η). Particularly, in [4] the authors proved that "a Sasakian manifold M 2n+1 (ϕ, ξ, η, g) admits a pair of Einstein Weyl structures (g, ±θ) (where θ is the 1-form associated with the metric g of the conformal class [g]) if and only if it is η-Einstein with Einstein constants (α, β), where β < 0 and θ = ±µη such that µ 2 = −β/(2n − 1)". Later on, the author [8] extended this result for all classes of complete K-contact manifolds by proving that "if a complete K-contact manifold admits the pair of Einstein-Weyl structures (g, ±θ), then it is compact η-Einstein and Sasakian with Einstein constants (α, β) where β < 0". These results imply that there is a strong connection between the pair of Einstein-Weyl structures (g, ±θ) and η-Einstein K-contact geometry.
In this paper, we study closed Einstein-Weyl structure on compact K-contact manifold and improved a result obtained by Matzeu [12] . Actually, Matzeu (see [12] ) proved that "a compact K-contact manifold M (ϕ, ξ, η, g) of dimension 2n + 1 ≥ 3 admitting a closed Einstein-Weyl structure with θ as its 1-form associated with the metric g ∈ [g] is Sasakian if and only if it is η-Einstein." This establishes again a strong connection between η-Einstein Sasakian geometry and closed Einstein-Weyl structure. However, by using the full strength of K-contact geometry we have been able to prove that any compact K-contact manifold admitting a closed Einstein-Weyl structure is Einstein-Sasakian. We address these issues in Section 4.
Rudimets of K-contact geometry
Now, we review some basic contact metric geometry. A (2n + 1) dimensional Riemannian manifold (M, g) is said to be an almost contact metric manifold if there exist a (1, 1) tensor field ϕ, a unit vector field ξ (called the Reeb vector field) and a 1-form η such that
for any vector field X. From these it is easy to verify that ϕξ = 0 and ηoϕ = 0. For such a manifold, one can always define a 2-form φ by φ(X, Y ) = g(X, ϕY ), called the fundamental 2-form. Further, an almost contact metric structure of M is said to be contact metric if φ = dη. If, in addition ξ is Killing, then M is said to be K-contact. The following formulas are valid for a K-contact (Sasakian) manifold ( see [1] ):
where Q is the Ricci operator associated with the Ricci tensor S, R is the Riemann curvature tensor of g and ∇ is the operator of covariant differentiation of g. We also note that the almost contact metric structure is said to be 
for any vector field X, Y on M . From the definition it follows that η ∧ (dη) n is non vanishing everywhere on M , which is also the volume form on M . In other words, a contact metric manifold M (ϕ, ξ, η, g) is Sasakian if and only the metric cone C(M )(dr 2 + r 2 g, d(r 2 η)) is Kaehler. A Sasakian manifold is Kcontact, but the converse is not true, except in dimension 3. Another equivalent characterization of a Sasakian manifold is that a contact metric manifold is said to be Sasakian if and only if the curvature tensor R satisfies
For details about contact metric manifolds we refer to [1] .
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Einstein-Weyl geometry
We now assume that M 2n+1 (ϕ, ξ, η, g) admits an Einstein-Weyl structure, i.e., the metric g represents the Weyl structure. Then from
where ∇ is the Riemannian connection of g and X, Y are arbitrary vector fields of M . We note that the equation (3.1) and D [g] g = −2θ ⊗ g are invariant under the transformationsḡ = e 2f g andθ = θ − df , where f is a smooth function on M . In particular, if the 1-form θ is closed, then the Weyl connection becomes locally the Riemannian connection. From (3.1) one can derive the relation between the Riemann curvature tensor R and the Weyl curvature tensor R D [g] (see Higa [9] ) as follows:
for every vector field X, Y, Z on M . As a consequence equation (3. 2) provides the following relation between the Weyl Ricci tensor S [g] of the connection D [g] and the Ricci tensor S of the Riemann connection ∇ (see [9] )
where δθ is the co-differential of θ and |θ| is the pointwise norm of θ with respect to g. A Weyl manifold (M, [g], D [g] ) is said to be Einstein-Weyl if there exists a smooth function Λ on M such that: 
for every vector field X,Y on M and σ is smooth function on M . We refer this equation as Einstein-Weyl equation. Note that if θ is closed, then θ becomes locally exact, and, hence the metric g is locally conformal to an Einstein metric. For instance, the product N × S 1 is locally conformal to an Einstein manifold, where N is any Einstein manifold of positive scalar curvature. As a consequence, Einstein-Weyl structure is considered as a nice generalization of Einstein metric from the view point of conformal geometry. In [5] Gauduchon proved a fundamental theorem on Einstein-Weyl structures, when M is compact. Particularly, he proved that "On a compact Weyl manifold, up to homothety, there is always possible to find a unique metric g 0 in the conformal class [g] such that the corresponding 1-form θ 0 is co-closed (i.e., δθ 0 = 0)". We shall refer this metric as the Gauduchon metric. By virtue of this, Pedersen-Swann [16] (see also Tod [18] ) proved that on a compact Einstein-Weyl manifold this co-closed 1-form turns out to be the dual of a Killing field. Consequently, on every compact manifold one can split the Einstein-Weyl equation (3.5) into the simplified Einstein-Weyl equation and the Killing dual field equation:
Closed Einstein-Weyl structure on a compact manifold enjoys a nice property.
In fact, Gauduchon [6] showed that if the 1-form associated with the Einstein-Weyl structure is closed and exact, then the Weyl curvature tensor R D [g] and the Weyl Ricci tensor S D [g] vanish identically (see also Matzeu [12] ), and as a result equations (3.2) and (3.3) reduces to
for every vector field X, Y, Z on M . Now, we are at a position to derive some equations for our latter use. First, we can write equation (3.7) as (2n − 1)∇ X E = QX + (2n − 1)θ(X)E + λX, (3.8) where λ is a function given by 
and the repeated use of (3.8), one can easily deduce
Finally, we remark that the odd dimensional spheres and products of spheres S 1 × S 2n+1 admit Einstein-Weyl structures while S 1 × S 2 and S 1 × S 3 do not carry any Einstein metric [10] . In particular, S 1 × S 2n+1 admits flat Weyl structures, which are therefore closed Einstein-Weyl.
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Main results
We now consider a compact K-contact manifold admitting closed Einstein-Weyl structure to prove the following: Let M (ϕ, ξ, η, g) be a compact K-contact manifold of dimension 2n + 1 ≥ 3. If g represents a closed Einstein-Weyl structure with θ is a 1-form associated with g ∈ [g], then M is Einstein and Sasakian.
Proof. Differentiating covariantly (2.2) along an arbitrary vector field X and then recalling (2.1) we find that
Taking scalar product of (3.10) with ξ, using (4.1) and (2.2) provides
Replacing Y by ξ in (4.2) and making use of (2.2), (2.3) we obtain
for all X in M and D is the gradient operator. Differentiating this along an arbitrary vector field X and using (2.1) gives
Inner product of this equation with an arbitrary vector field Y , symmetrizing the resulting equation and by virtue of the Poincare lemma: g(∇ X Dλ, Y ) = g(∇ Y Dλ, X) shows
where we have also used the fact that the 1-form θ is closed. Now, we replace X by ϕX and Y by ϕY in the foregoing equation to achieve
Taking inner product of (4.3) with ϕX one can deduce (ϕXλ) + (λ + 1)g(ϕE, X) = 0.
By virtue of this, the first two term of the left hand side of (4.4) vanishes. So, we have [(λ + 1)η(E) − ξλ]dη(X, Y ) = 0. Moreover, since dη(X, Y ) = g(X, ϕY ) is non-vanishing on any K-contact manifold, we obtain (λ + 1)η(E) = ξλ. From which it follows that g(∇ ϕE E, ξ) = 0. Therefore, we have g(ϕE, ϕE) = 0 on O. This gives ϕE = 0. Operating by ϕ and since η(E) = 0 we ultimately find E = 0 on O. Hence, from (3.7) the Ricci tensor vanishes identically on O. But by virtue of (2.2), this is impossible. Consequently, η(E) is non-vanishing everywhere on M . So, we have δθ + λ + 2n + 1 = 0. Since ξ is Killing, we have £ ξ S = 0. Making use of (4.1) it follows that ∇ ξ Q = Qϕ − ϕQ. Next, replacing X by ξ in (3.10), using (4.1) and the foregoing equation gives
Scalar product of (4.8) with an arbitrary vector field X and making use of (2.6) provides (2n + 1)g((∇ Y ϕ)X, E) = g(ϕQY, X) − 2ng(ϕY, X)
Replacing X by ϕX, Y by ϕY in (4.9), adding the resulting equation with (4.9) and then recalling (2.5), we obtain
Anti-symmetrizing the previous equation shows that 2g((Qϕ + ϕQ)Y, X) − 4ng(ϕY, X)
Choosing X, Y ⊥ξ, the foregoing equation yields g((Qϕ + ϕQ)Y, X) = 4ng(ϕY, X).
Clearly for any vector field X, X − η(X)ξ is orthogonal to ξ. Therefore, replacing X by X − η(X)ξ and Y by Y − η(Y )ξ in the preceding equation and using (2.2), we infer (Qϕ + ϕQ)Y = 4nϕY (4.10)
for any vector field Y . Let {e k , ϕe k , ξ}, k = 1, 2, . . . , n, be a ϕ-basis of M such that Qe k = µ k e k . From which, we have ϕQe k = µ k ϕe k . Substituting e k for Y in (4.10) and using the foregoing equations we obtain Qϕe k = (4n − µ k )ϕe k . Computing the scalar curvature r = g(Qξ, ξ)+ n k=1 [g(Qe k , e k )+g(Qϕe k , ϕe k )] with the use of (2.2) we get r = 2n(2n + 1). Going back to equations (4.3) and (4.5) we deduce that Dλ = (λ + 1)E. Utilizing this and noting that the scalar curvature is constant, it follows from (4.6) that QE + (λ + δθ + 1)E = 0. But we have already deduced that δθ + λ + 2n + 1 = 0. Therefore, we obtain QE = 2nE. Taking covariant differentiation of this along an arbitrary vector field X and using (3.8) one obtains
We now take the trace of (4.11) over X and use r = 2n(2n + 1) to achieve |Q| 2 = 2nr. Use of this and r = 2n(2n + 1), we compute |Q − r 2n + 1 I| 2 = |Q| 2 − 2r 2 2n + 1 + r 2 2n + 1 = 2nr − r 2 2n + 1 = 4n 2 (2n + 1) − 4n 2 (2n + 1) = 0.
Since the length of the symmetric tensor Q − r 2n+1 I vanishes, we must have Q = r 2n+1 I = 2nI. Since M is Einstein and compact, applying Boyer-Galicki's Theorem ( [3] ) "A compact Einstein K-contact manifold is Sasakian", we complete the proof.
Since any Sasakian manifold is K-contact, the above result is also true for Sasakian manifolds. Thus, in view of the above Theorem we can extend the well known result of Boyer-Galicki [2] (see also [3] and [13] ) which says that any simply connected Sasakian Einstein manifold is a spin manifold Theorem 4.2. If a simply connected compact K-contact manifold admits a closed Einstein-Weyl structure, then it is necessarily spin. Remark 4.1. After the submission of this paper, Gauduchon-Moroianu upload a paper [7] in arXiv (appeared on 6th January 2016) which contains the same result as Theorem 4.1. However, the proof of our result is slightly different from that of [7] . In our proof, we have used some tensorial computation that involves the formulas of closed Einstein-Weyl structures and the full strength of the K-contactness property (i.e., the formulas involving Ricci curvature and curvature tensor). On the other hand, the proof in [7] requires two more results, e.g., Proposition 2.1 and Proposition 2.2. For details we refer to [7] .
